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1 Proof of Hairer’s Reconstruction Theorem Without Using
Wavelets

1.1 Scaling and translation of convolutions

Given a γ-coherent germ (Fx : x ∈ Rd), we wish to find a distribution T such that

〈T − Fx, ϕδx〉 . δγ ,

locally uniformly in x. Recall that coherence means

〈Fx − Fy, ϕδy〉 . δ−τ (|x− y|+ δ)γ+τ ,

locally uniformly in x, y. If it is also uniform in ϕ with ‖ϕ‖Cr ≤ 1 and suppϕ ⊆ B1(0),
then we can find β ≥ 0 such that

〈Fx, ϕδx〉 . δ−β,

locally uniformly.
We now give a proof of the existence of T using a single test function ϕ with

∫
ϕ 6= 0.

Here is the strategy for constructing our T . We choose a suitable ρ ∈ D with
∫
ρ = 1 and

define ρ̂nx = ρ2
−n

x = 2dnρ(2n(x − y)) (recall that ψδx(y) := δ−dψ(y−xδ )). We will construct
ρ that can be represented as ρ = ψ ∗ ϕ for suitable test function ψ and ϕ that will be
determined later. But for now, let us make some observations.

Proposition 1.1.
(ψ ∗ ϕ)δ = ψδ ∗ ϕδ.

Proof.

−δ−d(ψ ∗ ϕ)(xδ ) = δ−d
∫
ψ(xδ − z)ϕ(z) dz

= δ−2d
∫
ψ(xδ −

z
δ )ϕ( zδ ) dz

=

∫
ψδ(x− z)ϕd(z) dz.
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Proposition 1.2.

(ψ ∗ ϕ)x(·) =

∫
ψz(·)ϕx(z) dz

Proof.

(ψ ∗ ϕ)x(y) = ψ ∗ ϕx(y)

=

∫
ψ(y − z)ϕx(z) dz

=

∫
ψz(y)ϕx(z) dz.

1.2 Construction of T as a limit

In fact, for a carefully selected ρ, we set

Tn(x) = Fx(ρ̂nx), T = lim
n→∞

Tn,

where this limit means T (ζ) = limn→∞
∫
Tn(x)ζ(x) dx. For γ > 0, we show that the

limit does exist and satisfies our requirement. For γ < 0, we need to first get rid of some
diverging terms. Again, our ρ takes the form ρ = ψ ∗ ϕ (with ψ and ϕ to be picked later).
To prove our convergence, write

T = T∞ = T1 +
∞∑
n=1

(Tn+1 − Tn)

and show that |〈Tn+1 − Tn, ζ〉| . 2−nα for some α > 0. Indeed,

Tn+1(x)− Tn(x) = Fx(ρ̂n+1
x − ρ̂nx)

= Fx(m̂n
x),

where m = ρ1/2(y)− ρ(y) = 2dρ(2y)− ρ(y). Observe that since ρ = ψ ∗ ϕ, then

m = ρ1/2 − ρ = ψ1/2 ∗ ϕ1/2 − ψ ∗ ϕ.

If we chose ψ = ϕ2, then

m = ϕ ∗ ϕ1/2 − ϕ2 ∗ ϕ = ϕ ∗ (ϕ1/2 − ϕ2) =: ϕ ∗ ξ.

Our goal is bounding Fx(m̂n
x). By our propositions,

Fx(m̂n
x) = Fx

(∫
ϕ̂nz ξ̂

n
x dz

)
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=

∫
Fx(ϕ̂nz )ξ̂nz (z) dz

= An +Bn,

where

An =

∫
Fz(ψ̂

n
z )ξ̂nx (z) dz, Bn =

∫
(Fx − Fz)(ψ̂nz )ξ̂nx (z) dz.

Given ξ ∈ D,

〈An, ζ〉 =

∫∫
Fz(ψ̂

n
z )ξ̂nx (z)ζ(x) dz dx

=

∫
Fz(ϕ̂

n
z )(ξ̂n + ξ)(z) dz.

Recall that ξ = ϕ1/2 − ϕ2. Imagine that ϕ satisfies
∫
ϕ = 1,

∫
ϕxr dx = 0 for 0 < |r| ≤ `.

Hence,
∫
ξxr dx = 0 for 0 ≤ |r| ≤ `. For such ϕ, we can assert

ξ̂nx + ζ(z) =

∫
ξ̂n(x− z)ζ(z) dz =

∫
ξ̂n(x− z) (ζ(z)− P `x(z))︸ ︷︷ ︸

=O(|x−z|`+1)

dz = O(2−n(`+1)),

where P `x(z) is the Taylor expansion up to degree ` at x. Thus,

|〈An, ζ〉| . 2n(β−`−1),

which is exponentially small if ` is sufficiently large. In summary, we have A = A∞ =
A1 +

∑∞
n=1(An+1 −An) converges as a distribution.

We now turn to the Bns; this is the one that only converges is γ > 0. Observe that

|〈Bn, ζ〉| =
∣∣∣∣∫∫ (Fx − Fz)(ϕ̂nz )ξ̂nx (z) dzζ(x) dz

∣∣∣∣
Since |x− z| and δ are both of order 2−n,

. 2−nγ ,

which is exponentially small if γ > 0.
In summary, the limit exists, and we have our candidate for T . It remains to verify

that
|〈T − Fx, ζδx〉| . δγ ,

locally uniformly. To prove this, observe that since ρ = ϕ ∗ ψ, we can write

T (x) = lim
n→∞

Tn(x)

= lim
n→∞

Fx(ϕ̂ ∗ ψ
n
)x
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= lim
n→∞

Fxϕ̂
n
y ψ̂

n
x(y) dy

= lim
n→∞

Fx(ϕ̂ny )ψnx(y) dy.

Also,

Fx(ξδx) = lim
n→∞

Fx((ξδ ∗ ϕ̂n)(x))

= lim
n→∞

Fx

(∫
ϕ̂ny ξ

δ
x(y) dy

)
= lim

n→∞

∫
Fx(ϕ̂ny )ξδx(y) dy.

We will complete the proof next time.
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